In this work, we consider an open single level molecular junction with electrons coupled to a single frequency phonon mode, in which the phonons are also coupled to another heat bath. By applying a temperature gradient between the electrical leads and investigating thermocurrent in non-linear regime, it is shown that the environment can excite phonons which can result in either decrease or very significant increase of thermocurrent, depending on the onsite energy. Similarly, in the linear regime the effects of environment are seen in the Seebeck coefficient.
I. INTRODUCTION
In recent years, molecular junctions (MJ) which connect two large electronic reservoirs have been studied as building blocks for the future molecular electronics [1, 2] . In addition to other special characteristics of MJs, their thermoelectric properties are of interest [3] .
When there is a temperature difference between the two leads, an electrical current can pass through the MJ, so we have a thermopower. This is the so called Seebeck effect in MJs [3, 4] . At the molecular size, in addition to the Coulomb interaction, the coupling of electrons to the vibrations of molecule is of a great importance. Indeed, for understanding thermoelectric properties, these effects have been considered extensively [3, [5] [6] [7] [8] [9] [10] [11] [12] [13] .
The MJ can be considered either thermally isolated from or connected to other heat baths [14] .In theoretical studies, the latter is mostly modeled by considering the phonons on MJ to be totally thermalized. However, one can study a model in which a thermal bath is weakly coupled to MJ, which is different from both of these extreme cases [15] .
In this work, we study the effects of a thermal environment on the thermoelectric properties of a single level MJ which is coupled to single frequency phonons. We consider both non-linear and linear regimes.In the first case, the temperature gradient is noticeable compared to the lead temperatures and one should study thermocurrent [16] [17] [18] . On the other hand, for linear regime the temperature gradient is much smaller than the lead temperatures and the Seebeck coefficient is defined [3, 4, 19] . We have shown that depending on the gate voltage, the environment can either suppress or very noticeably enhance thermocurrent. Actually, the environment excites phonons in MJ which in turn affects thermocurrent and Seebeck coefficient.
The paper is organized as follow. In Sec.II, we introduce the system Hamiltonian and the corresponding master equations(ME). Moreover, formulas for thermocurrent and Seebeck coefficient are also given. In Sec.III, we * Email: a eskandariasl@sbu.ac.ir; amir.eskandari.asl@gmail.com present our numerical results and discussions, and finally, Sec.IV concludes our work.
II. MODEL AND METHOD
We consider a MJ which is connected to two spin-less electronic leads and a single frequency phonon mode [12, 15] . This phonon mode is also coupled to another thermal phononic bath. The Hamiltonian of this system iŝ H =Ĥ m +Ĥ leads +Ĥ tun +Ĥ bath +Ĥ m−bath , (1)
whereĉ (ĉ † ) is the annihilation (creation) operator of electrons on MJ,n d =ĉ †ĉ is the number operator and 0 is the onsite energy of electrons on the MJ.b(b † ) is the annihilation (creation) operator of phonons on MJ, Ω is the phonon frequency and λ determines electron-phonon coupling. Moreover,â kα (â † kα ) annihilates (creates) an electron in the state k of the lead α (α = R, L), and V k,α determines the electron hopping between MJ and the leads.b ν (b † ν ) is the annihilation (creation) operator of mode ν of the thermal bath, Ω ν is the energy of this mode, and γ ν determines the coupling strength of this mode with MJ phonons.
Similar to a former work [15] , performing the Lang-Firsov transformation as eŜĤe
, renormalizing the onsite energy to = 0 − λ 2 Ω and following the standard steps for deriving a Markovian ME in the limit of weak lead to MJ coupling, one can obtain the dynamics of the density matrix (DM) of the system (where by system we mean the electrons and phonons of MJ). After doing straight forward calculations, the rate of change of diagonal elements of the electron-phonon DM is obtained as
where P im (i = 0, 1) represent diagonal elements of DM and determine the probability of having i electrons and
is the Fermi distribution of lead α, in which µ α is chemical potential of the lead and β α is its inverse temperature. Γ α determines the tunneling rate of electrons between MJ and lead α, which is defined to be Γ α (ω) = k 2π|V kα | 2 δ( kα − ω). In wide band limit(WBL), we take Γ α to be independent of ω.
in which N bath (Ω) = The number of electrons in MJ is N e = m P 1m . Moreover, the current from lead α to the MJ is obtained as [15] 
and the total current passing through the MJ is I = (I L − I R )/2. By considering Γ L = Γ R = Γ, the electrical current through MJ in steady state is given by
One interesting quantity in our work is the thermopower which is determined by the Seebeck coefficient.
In order to compute Seebeck coefficient we consider the equilibrium case where we have no temperature gradient and the chemical potential of the leads are equal to each other. In this case, we can use the notation f L = f R = f and µ L = µ R = µ. If negligible temperature gradient, δT , and bias voltage, δV , are applied, to linear order the current through MJ becomes
The Seebeck coefficient is defined as S = −δV /δT , in the limit of vanishing δT , provided that the current vanishes, i.e., δI = 0. Using Eq.12, this results in
where T l is the common temperature of the leads
, and g(ω) = e βω / e βω + 1 2 .
In some special cases we can approximate the value of S. For the case where µ ( µ) and the temperatures of leads and bath are low enough, the MJ is filled with one electron (empty of electrons) and approximately there are no phonons. As a result, all P im s are zero except P 1,0 (P 0,0 ) which is equal to 1. Inserting this in Eq.13, results in S = ( − µ)/T l . Additionally, if the electrons weren't coupled to phonons at all (i.e., λ = 0), the only non-zero terms would be those with m = 0, and from Eq.13, the Seebeck coefficient is again S = ( − µ)/T l . Moreover, for the case where ≈ µ and the temperatures are low enough, g (Ω (m − m ) + − µ) is very small for m = m . Using Eq.13, one still obtains S = ( − µ)/T l . It is noticeable that these approximations can be used as a check of the correctness of some of the numerical results.
III. NUMERICAL RESULTS
In this section we represent our numerical results. We work in a system of units in which e = = 1. Also, the Boltzmann constant, k B , is taken to be 1. We set the phonon frequency to be our energy unit, i.e., Ω = 1. These automatically set our units of time, electrical current, and Seebeck coefficient. Moreover, λ = 1 and no bias voltage is applied between the leads, so that µ L = −µ R = 0. Finally, the tunneling rates between MJ and the leads are assumed to be Γ L = Γ R = 0.1.
First, we study the environmental effects on thermocurrent. For this purpose, we need to apply a temperature difference between the leads. We consider the right(left) lead to be at the temperature T R = 0.1 (T L = 0.3). In Fig.1 the thermocurrent is depicted as a function of onsite energy, , for several thermal baths. For the case where we have no thermal bath coupled to the MJ (the NTB case ,solid-black curve), it is seen that the current changes sign by , which stems from changing the current carriers from holes to electrons. This phenomenon is well known in single level quantum bridges [3] . Since the temperatures of leads are low and the electrical current is small, the phonons can not be excited in the MJ and their sidebands have negligible effects on thermocurrent.
Other curves in Fig.1 correspond to the cases where we have coupling between the MJ and thermal bath. As it is seen, by increasing the coupling strength and/or the bath temperature, the thermocurrent gets more alternating and the distance between the current peaks is almost equal to the phonon frequency. The thermal bath excites phonons in the MJ which results in increasing the effect of phonon sidebands. It should be noted that coupling to thermal bath decreases the maximum value of thermocurrent, which can be understood by noting that the excited phonons block the electrons and reduce the current, similar to the well-known phenomenon of Franck-Condon blockade. On the other hand, for the cases where is in the proximity of mΩ (m = 0), the value of thermocurrent can be noticeably increased by the environment, since the excited phonons open new transport channels for electrons. That is, electrons can combine with phonons to create polarons that can pass trough the junction.
In Fig.2 , in a two dimensional plot we show the behavior of thermocurrent as a function of onsite energy and bath temperature, with the same temperature gra- dient as Fig.1 . As it is seen, by increasing the bath temperature,T b , more peaks and valleys emerge in thermocurrent, while the maximum current decreases.
Next, we investigate the behavior of the thermopower, or the Seebeck coefficient, for the case where the leads temperatures are equal (the common temperature is T l ) and as before, we have no voltage bias . However, here some technical issues emerge which have to be resolved.
The first problem arises for the NTB case, for which it turns out that the steady state solution of Eqs. 7 and 8 is not unique. In order to clarify the situation, consider we have 0 and T l is not very high. If we choose an empty junction as our initial state, one electron rapidly jumps into the junction and this would excite phonons. As a result, the effective temperature of the junction (which is determined by the phonon population [15] ) can be much higher than that of the leads. On the other hand, if we start with a junction that is occupied with one electron, no more hopping can take place and the expected value of phonon number is very close to zero. Similar reasoning can be applied for the case where 0. Note that the electrical current in these situations is almost zero, so that our former result for NTB case is valid. In order to avoid this apparent bi-stability, we consider a thermal bath with the same temperature as the leads that is coupled to our junction with a small coupling strength (0.01 in our numerical calculations).
The second problem is for small lead temperatures and | /T l | 0 , where for some m and m , g (E m m ) can be orders of magnitude larger than g ( ) (see Eq.13). Consequently, a very small numerical error in vanishing P im s can result in a completely incorrect value for S. This problem can be resolved by choosing the initial conditions in such a way that the zero P im s don't grow at all. This can be achieved by considering an initially full (empty) junction for the case where < 0 ( > 0).
In Fig.3 , we depict S as a function of for several situations. For the NTB case, the behavior is almost linear (which is consistent with our approximations after Eq.13), with small deviations caused by the e-ph coupling. However, as the T b gets higher, the effects of the opened phononic channels become more important. One other feature of these curves is that they are all odd with respect to . It is physically understood by noting that the roles of electrons and holes interchange by changing the sign of , which would result in changing the sign of thermopower.
IV. CONCLUSIONS
In conclusion, we considered thermoelectric properties of a single level MJ with single frequency phonons that is also coupled to a thermal environment. At first, by applying a temperature difference between the leads we obtained the thermocurrent as a function of onsite energy of MJ(a gate voltage) for zero bias voltage. It is shown that the coupling to the environment can excite phonons in the MJ. As a result, the main peaks that would exist in the absent of coupling to environment(the NTB case) are suppressed, which shows the phonons block electrons (similar to Franck-Condon blockade). On the other hand, excited phonons can open new side-bands as transport channels, so we have a set of new peaks and valleys in thermocurrent. At such onsite energies, the thermocurrent is very noticeably enhanced by environment.
We also computed the Seebeck coefficient as a function of onsite energy. For the NTB case, it behaves almost linearly with a slope that is inversely proportional to the common temperature of the leads. By increasing the coupling to the heat bath, again the peaks and valleys corresponding to the opened side-bands appear.
